
JOURNAL OF MATERIALS SCIENCE 32 (1997) 2797 — 2809

Modelling concurrent deformation mechanisms in
auxetic microporous polymers

A. ALDERSON* , K. E. EVANS
School of Engineering, University of Exeter, North Park Road, Exeter EX4 4QF, UK

A 2D model for the deformation of auxetic microporous polymers (those with a negative

Poisson’s ratio) has been previously developed, consisting of a network of rigid rectangular

nodules interconnected by fibrils. This model has now been extended to describe the

deformation of the network via concurrent fibril hinging and stretching mechanisms.

Expressions for the strain-dependent Poisson’s ratios and Young’s moduli are derived and

fully investigated with respect to their dependence on the model parameters. These

expressions are compared with the experimental strain-dependent data for auxetic

microporous polytetrafluoroethylene (PTFE) and ultra-high molecular weight polyethylene

(UHMWPE). The use of concurrent deformation mechanisms makes a very significant

improvement in the agreement of theory with experiment for both cases. Slight

discrepancies are discussed in terms of the use of the assumptions of a 2D network of

regular, rectangular nodules and a constant force coefficient ratio governing the two

deformation mechanisms.
1. Introduction
In recent years materials have been fabricated that
have the novel property of a negative Poisson’s ratio,
i.e. they expand laterally when stretched longitudi-
nally. Such materials, known as auxetic materials [1],
generally exhibit a negative Poisson’s ratio due to the
geometry and deformation mechanisms of, for
example, the microstructure in microporous polymers
[2—4] or on a larger scale in auxetic foams [5, 6].
Auxetic behaviour has also been observed in the nat-
urally occurring mineral a-cristobalite [7] where the
deformation mechanism acts on a molecular scale [7,
8]. As well as obvious applications for auxetic mater-
ials as, for example, fasteners and seals, the property of
a negative Poisson’s ratio can lead to improved mecha-
nical properties such as increased fracture toughness
and enhanced indentation resistance [5, 9, 10].

In the case of microporous polymers, expanded
forms of polytetrafluoroethylene (PTFE) [2], ultra-
high molecular weight polyethylene (UHMWPE) [11,
12] and polypropylene [13] have been fabricated and
observed to be auxetic. The microstructure producing
the negative Poisson’s ratio in these polymeric mater-
ials consists of a network of nodules interconnected by
fibrils. A simple geometric node—fibril (NF) model has
been developed [11, 12, 14] where a regular array of
rigid square or rectangular nodules is formed into
a connected network by freely hinged inextensible
rods (fibrils). Deformation of the network is by hing-
ing of the fibrils in response to an applied load and can
result in positive and negative strain-dependent Pois-
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son’s ratios, depending entirely on the geometry of the
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network. The model has recently been extended to
include flexure and stretching of the fibrils [15].
A combination of fibril hinging followed by fibril
stretching has been found to explain all the general
features of the experimental data. However, in reality,
fibril hinging and stretching will occur concurrently
rather than consecutively. In this paper we develop the
NF model to include simultaneous fibril hinging
and stretching. The strain-dependent elastic moduli
calculated from the concurrent model are then com-
pared with the experimental data for PTFE and
UHMWPE.

2. Concurrent node—fibril model
The tensile NF network model for microporous poly-
mers is shown schematically in Fig. 1a, consisting of
a regular array of rigid rectangular nodules (major
axis length a and minor axis length b aligned along the
x and y axes, respectively) interconnected by hinged
rods (fibrils) of length l at an angle a to the x axis. If we
assume that shear deformation of the fibrils can be
neglected (valid for all fibril aspect ratios so far ob-
served [2, 4]) then the network can deform by hinging,
flexure and stretching of the fibrils. Elastic moduli due
to each of these modes of deformation have been
derived in an earlier paper by the authors [15]. Ex-
perimentally, no evidence for fibril flexure has been
observed and the current model fails to describe the
strain dependence of the elastic properties with suffi-
cient accuracy throughout the strain range. We, there-
ringfields, Preston, Lancashire PR4 0XJ, UK

fore, now obtain expressions for Poisson’s ratios and
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Figure 1 (a) Schematic diagram of the nodule—fibril (NF) model,
showing the general parameters in a partially extended network. (b)
The NF model microstructure with a negative fibril angle a. (c) The
NF model microstructure with l'b/2 and nodules in contact in the
y direction.

Young’s moduli due to fibril hinging and stretching
acting concurrently.

The repeat unit-cell lengths X and ½ in the x and
y directions, respectively, of Fig. 1 are given by

X"2(a#l cosa) (1)

½"2(b!l sina) (2)

Consider, first, a change *r
x
in an applied stress in

the x direction. It has been shown [15] that the chan-
ges in the unit-cell lengths due to hinging are

*X
)
"*r

x
½l2 sin2a/K

)
(3)

*½
)
"*r

x
½l2 sin a cos a/K

)
(4)

K
)

is the hinging force coefficient defined by

K
)
"*M/*a (5)

where *M is the change in the applied moment to the
fibril due to the change in applied stress, and *a is the
angular displacement of the fibril due to *M.

Similarly, it has been shown [15] that the changes
in the unit-cell lengths due to fibril stretching are in
this case

*X
4
"*r

x
½ cos2a/K

4
(6)

*½
4
"!*r

x
½ sina cosa/K

4
(7)

The stretching force coefficient K
4
is defined by

K
4
"*F/*s (8)

where *F is the change in force applied along the
length of the fibril due to *r

x
, and *s is the change in

extension of the fibril due to *F.
For an infinitesimal change in applied load
(*r
x
Pdr

x
), the total changes in X and ½ due to fibril
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hinging and stretching acting concurrently are simply

dX
505
"dX

)
#dX

4
(9)

d½
505
"d½

)
#d½

4
(10)

The Poisson’s ratio m
xy

due to an infinitesimal change
in the applied uniaxial stress along the x axis at any
instant during non-linear elastic deformation is de-
fined by the tangent Poisson’s ratio (or Poisson’s
function) [15—17]

m
xy
"!de

y
/de

x
(11)

where de
x

and de
y

are the infinitesimal changes in
strain in the x and y directions, respectively, given by

de
x
"dX/X (12)

de
y
"d½/½ (13)

Hence from Equations 1—4, 6, 7 and 9—13 we have

m
xy
"

[1!(l2K
4
/K

)
)] sina cosa

[(l2K
4
/K

)
) sin2a#cos2 a]

(a#l cosa)

(b!l sin a)
(14)

Similarly, defining the strain-dependent Young’s
modulus during non-linear deformation as the tan-
gent modulus [15, 18] at a given strain we have for an
x-directed load

E
x
"dr

x
/de

x
(15)

From Equations 1—3, 6, 9, 12 and 15 we have, therefore

E
x
"

a#l cosa

(b!l sin a) [(l2 sin2a/K
)
)#(cos2a/K

4
)]

(16)

Experimentally it is the engineering Young’s modulus
E%
x

that is often measured in tensile tests. The model
expression for E%

x
is found by substituting the initial

undeformed unit-cell lengths X
0

and ½
0

for X and ½,
respectively, in Equations 3, 6 and 12, giving

E%
x
"

a#l
0

cosa
0

(b!l
0

sin a
0
) [(l2 sin2a/K

)
)#(cos2a/K

4
)]

(17)

where l
0

and a
0

are the initial fibril length and angle,
respectively.

For completeness, we derive the engineering Pois-
son’s ratio by substituting X

0
and ½

0
for X and ½ in

Equations 12 and 13, respectively, to be

m%
xy
"

[1!(l2K
4
/K

)
)] sin a cosa

[(l2K
4
/K

)
) sin2a#cos2a]

(a#l
0

cosa
0
)

(b!l
0

sin a
0
)

(18)

Now consider a uniaxial stress r
y
applied in the y di-

rection. In this case the changes in the unit-cell lengths
due to fibril hinging in response to a change *r

y
in the

applied stress have been shown [15] to be

*X
)
"*r

y
Xl2 sina cos a/K

)
(19)
*½
)
"*r

y
Xl2 cos2 a/K

)
(20)



and due to fibril stretching

*X
4
"!*r

y
X sina cosa/K

4
(21)

*½
4
"*r

y
X sin2a/K

4
(22)

Following a similar procedure to that used above for
an x-directed load we find in the case of a y-directed
load

m
yx
"

[1!(l2K
4
/K

)
)] sina cos a

[(l2K
4
/K

)
) cos2a#sin2a]

b!l sin a
a#l cosa

(23)

m%
yx
"

[1!(l2K
4
/K

)
)] sina cos a

[(l2K
4
/K

)
) cos2a#sin2a]

b!l
0

sina
0

a#l
0

cosa
0

(24)

E
y
"

b!l sina

(a#l cos a) [(l2 cos2 a/K
)
)#(sin2a/K

4
)]

(25)

E%
y
"

b!l
0

sina
0

(a#l
0

cosa
0
) [(l2 cos2 a/K

)
)#(sin2a/K

4
)]

(26)

All these expressions are equally valid in tension or
compression.

For an orthotropic material a symmetric stiffness
matrix implies [19]

m
xy

E
y
"m

yx
E
x

(27)

and the requirement of a positive definite strain energy
for static equilibrium leads to the condition [19]

Dm
xy

D)(E
x
/E

y
)1@2 (28)

It is easily verified that Equations 14, 16, 23 and 25
satisfy Equations 27 and 28. Furthermore, setting
either K

4
or K

)
equal to infinity reduces the expres-

sions to those due to hinging and stretching, respec-
tively [15].

3. Results
In this section the trends of the elastic moduli for the
NF model employing concurrent fibril hinging and
stretching are considered in response to varying the
geometric and force coefficient parameters in the
model. Strain-history behaviour from a pre-defined
undeformed geometry is then considered and com-
parison is made with the experimental strain-depen-
dent data for auxetic PTFE [2] and UHMWPE [12,
16].

3.1. Effect of varying the model parameters
on the elastic moduli

For convenience we define an effective hinging force
coefficient K%&&

)
as

K%&&
)
"K

)
/l2 (29)

The elastic moduli were calculated for an arbitrary
initial standard parameter set of b/a"1, l"0.25a,
l
0
"0.25a, K

4
/K%&&

)
"10, a"45° and a

0
"45°. The

effect of varying any one parameter on the behaviour
of the elastic moduli while keeping the others constant

was examined.
Figure 3 Normalized Young’s modulus data E*
x

versus a for the NF
model employing concurrent fibril hinging and stretching mecha-
nisms. Curves are for K

4
/K%&&

)
"0.01, 0.1, 1, 10, 100 and stretching

and hinging mechanisms acting independently. Calculations were
performed with b/a"1 and l"0.25a. For each curve the data are

Figure 2 m
xy

versus a for the NF model employing concurrent fibril
hinging and stretching mechanisms. Curves are for K

4
/K%&&

)
"0.01,

0.1, 1, 10, 100 and stretching and hinging mechanisms acting
independently. Calculations were performed with b/a"1 and
l"0.25a.

The effect of varying the force coefficients ratio,
K

4
/K%&&

)
, is shown in Figs 2 and 3 for the Poisson’s

ratio and Young’s modulus, respectively, due to load-
ing in the x direction. m

xy
was calculated from Equa-

tion 14 and E
x

was calculated from Equation 16.
Curves for each of the elastic moduli versus a are
shown for K

4
/K%&&

)
"0.01, 0.1, 1, 10 and 100 with all

other parameters as standard. Also shown are the
curves due to hinging and stretching acting indepen-
dently (i.e. K

4
and K

)
infinite, respectively).

From Fig. 2 m
xy

is seen to be zero at a"0° for
deformation due solely to fibril stretching. As a in-
creases m

xy
becomes positive, increasing to infinity as

a tends to 90°, due to the absence of an x-directed
stress along the length of the fibril when a"90°.
Fibril hinging shows markedly different behaviour,
exhibiting an infinitely negative m

xy
at a"0° (i.e. there

is no component of an x-directed stress perpendicular
to the fibril with which to cause hinging when a"0°),
which decreases in magnitude to m

xy
"0 at a"90°.
normalized to the calculated value at a"45°, i.e. E*
x
"E

x
/E

x
(a"45°).
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Hence for 0(a(90° fibril stretching results in a posi-
tive m

xy
, whereas fibril hinging leads to a negative m

xy
.

For intermediate cases when K
4
/K%&&

)
is finite, m

xy
"0

at both a"0 and 90°. For K
4
/K%&&

)
"0.01 stretching

dominates, with m
xy

remaining positive for
0(a(90°. In fact, for 0(a(70° the m

xy
curves for

K
4
/K%&&

)
"0.01 and 0 (stretching only) are almost iden-

tical. The maximum value of m
xy

for K
4
/K%&&

)
"0.01 is

m
xy
"6.7 and occurs for a&84°, whereupon hinging

becomes increasingly significant for further increases
in a, as illustrated by the m

xy
curve tending towards the

hinging curve for 84(a)90°.
Increasing K

4
/K%&&

)
to 0.1 also results in a positive

m
xy

for 0(a(90°. However, the curve deviates sig-
nificantly from that due to stretching only at a lower
value of a (&50°) than the curve for K

4
/K%&&

)
"0.01.

The maximum value of m
xy

is also reduced to m
xy

&2
for K

4
/K%&&

)
"0.01 which occurs at a&70° compared

to the maximum of m
xy
"6.7 at a&84° for

K
4
/K%&&

)
"0.01.

When K
4
/K%&&

)
"1, m

xy
"0 for all values of a. In

other words, in this case neither hinging nor stretching
dominates, leading to a cancellation of their macro-
scopic effects. Bearing in mind the definition of
K%&&

)
(Equation 29) and the form of K

4
(see Section 4.1),

this ratio is crucially dependent on the dimensions of
the fibrils.

The curves for K
4
/K%&&

)
"10 and 100 both exhibit

negative m
xy

values for 0(a(90°, indicating that
hinging is the dominant mechanism in these cases,
with the curve for K

4
/K%&&

)
"100 lying closest to the

curve due to hinging only. Hence the value of K
4
/K%&&

)
plays a critical role in determining both the magnitude
and sign of m

xy
at any given fibril angle a.

The behaviour of m
yx

with a is similar but antisym-
metric to the m

xy
trends, e.g. at a"0° m

yx
"#R (c.f.

m
xy
"0) and at a"90° m

yx
"0 (c.f. m

xy
"#R) when

deformation is due to fibril stretching.
Since the expressions for the Young’s moduli re-

quire absolute values of the two force coefficients,
rather than simply the ratio, the Young’s moduli data
were normalized to the data calculated at a"45°, i.e.
E*
x
"E

x
/E

x
(a"45°). This choice of normalization

angle was chosen because at a"45° the Young’s
modulus due to hinging is equal to that due to stretch-
ing when K

4
"K%&&

)
.

The value of E*
x

due to fibril stretching has a rela-
tively low finite value (E*

x
"0.437) at a"0° which

slowly increases as a increases until a approaches 90°,
whereupon E*

x
rapidly tends to infinity (due to the

fibril being aligned normal to the loading direction at
a"90°) — see Fig. 3. Conversely, at a"0° E*

x
due to

fibril hinging is infinite, decreasing rapidly as a in-
creases before tailing off to E*

x
"0.466 at a"90°. As

before, when K
4
/K%&&

)
;1 stretching dominates and

hence the E*
x

curve for K
4
/K%&&

)
"0.01 lies closest to

the stretching limit. However, even at this low value of
K

4
/K%&&

)
the influence of hinging is such that at a"90°

the modulus has a finite value as opposed to an
infinite value for pure fibril stretching. For
K

4
/K%&&

)
"0.1 the E*

x
curve follows the same general

trend as that for K /K%&&"0.01. However, the curve

4 )

for K
4
/K%&&

)
"0.1 is much flatter, achieving a maxi-

2800
mum value of only E*
x
"5.13 at a"90° compared

with E*
x
"47.10 for K

4
/K%&&

)
"0.01. When K

4
"K%&&

)
,

E*
x

is approximately constant with a, deviating from
unity by a maximum of &12% (at a"0°). For
K

4
/K%&&

)
<1 the E*

x
curve tends towards the hinging

limit, although even at the highest K
4
/K%&&

)
ratios the

influence of stretching constrains E*
x

to remain finite
at a"0° as opposed to infinity for hinging only.

In the case of a y-directed load the Young’s
modulus trends are reversed, e.g. for deformation due
to fibril stretching E*

y
is infinite at a"0° (c.f.

E*
x
"low and finite), rapidly decreasing as a increases

before tailing off to a relatively low finite value at
a"90° (E*

y
"0.536 c.f. E*

x
"R).

The effect of varying the geometrical parameters in
the model is illustrated in Fig. 4. For brevity only
m
xy

behaviour is shown.
In Fig. 4a the m

xy
versus l behaviour is shown, with

all other parameters defined as standard. Varying the
fibril length is seen to alter the magnitude but not the
sign of m

xy
, with the negative value of m

xy
increasing as

l increases.
Fig. 4b shows the effect of varying the nodule

aspect ratio on m
xy

, with all other parameters as stan-
dard. Once again the sign of m

xy
is independent of the

aspect ratio, whereas the magnitude increases as b/a
decreases.

Finally, Fig. 4c illustrates the behaviour of m
xy

with
a in the range !90)a)90°, with all other para-
meters as standard. This range of a includes negative
values of the fibril angle which have not been con-
sidered hitherto in this paper. An example of the NF
model microstructure with a negative is shown sche-
matically in Fig. 1b. It is seen from Fig. 4c that the sign
of a is also critical in determining the sign of m

xy
. For

the standard model parameters used in the calcu-
lations for Fig. 4c positive and negative values of
a yield negative and positive m

xy
values, respectively.

As already noted the magnitude of m
xy

also varies with
a.

To summarize this section, we have seen that the
elastic moduli are determined by both the geometry
and force coefficients involved in the deformation of
the network microstructure.

3.2. Calculation of strain in the concurrent
NF model

In order to compare the NF model to the experi-
mental data for PTFE [2] and UHMWPE [12, 16] it
is necessary to calculate the elastic moduli as functions
of the total true strain in the loading direction. This
requires both a knowledge of the initial undeformed
geometry of the NF microstructure and how the fibril
length varies with fibril angle as the microstructure
deforms. Following ref. [15], we have calculated the
total true strain in the x direction by integrating the
infinitesimal increment of true strain defined by Equa-
tion 12, i.e.

e "

X
dX/X"ln(X/X ) (30)
x P
X0

0



Figure 4 m
xy

trends for the NF model employing concurrent fibril
hinging and stretching mechanisms calculated for a standard para-
meter set of b/a"1, K

4
/K%&&

)
"10, l"0.25a and a"45°. (a) m

xy
versus l/a; (b) m

xy
versus b/a; (c) m

xy
versus a.

Substituting Equation 1 into Equation 30 yields

e
x
"ln[(a#l cos a)/(a#l

0
cosa

0
)] (31)

where l
0

and a
0

are the initial fibril length and angle,
respectively.

Similarly, the total true strain in the y direction was
calculated from

e
y
"ln[(b!l sina)/(b!l

0
sina

0
)] (32)

We now consider how the fibril length will vary as
a function of fibril angle under a change *r

x
in an

applied tensile stress in the x direction. It has been

shown [15] that the change in the moment applied to
each fibril in this case is given by

*M"!*r
x
½l sina/2 (33)

where the negative sign indicates that a decreases
under a tensile load in the x direction. Substituting
Equation 33 into Equation 5 yields

*a"!*r
x
½l sina/2K

)
(34)

The change in force applied along the length of each
fibril in this case has similarly been shown to be [15]

*F"*r
x
½ cosa/2 (35)

which when substituted into Equation 8 gives

*s"*r
x
½ cosa/2K

4
(36)

*s is simply the change in fibril extension, which is
therefore also the change *l in fibril length, i.e.

*l"*s (37)

In the limit of infinitesimal changes in fibril angle and
length Equations 34, 36 and 37 lead to

dl

da
"!

K
)

K
4

cota

l
"!

lK%&&
)

K
4

cot a (38)

where K%&&
)

is defined by Equation 29.
In the first instance consider the case of K

4
/K%&&

)
remaining constant. (The transition from elastic to
plastic fibril extension can be modelled by K

4
/K%&&

)
adopting a different constant value for the two cases.)

From Equation 38 we have

P
l

l0

dl/l"!(K%&&
)

/K
4
) P

a

a0
cota da (39)

and hence

l"l
0

exp[(K%&&
)

/K
4
) ln(sina

0
/sina)] (40)

Equation 40 relates the instantaneous value of l to
a given value of a during the deformation of the NF
microstructure under an applied load in the x direc-
tion. The value of a relative to a

0
defines whether the

applied load is tensile or compressive and hence Equa-
tion 40 is applicable to both loading conditions. Sub-
stituting Equation 40 into Equations 31 and 32 gives
the total true strains in the x and y directions, respec-
tively, due to a stress applied in the x-direction.

In the case of a y-directed stress it is easily shown
that the change in fibril length is related to the change
in fibril angle by

dl

da
"

lK%&&
)

K
4

tan a (41)

which, assuming K
4
/K%&&

)
remains constant, leads to

l"l
0

exp[(K%&&
)

/K
4
) ln(cosa

0
/cosa)] (42)

The total true strains in the x and y directions under
a y-directed load are, therefore, found by substituting
Equation 42 into Equations 31 and 32, respectively.

As an example of how the strain is dependent on the
NF model parameters we show, in Fig. 5a, how e va-
x
ries with a under a stress applied in the x direction for
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Figure 5 e
x

trends under an x-directed load for the NF model
employing concurrent fibril hinging and stretching mechanisms
calculated for a standard parameter set of b/a"1, l

0
"0.25a,

a
0
"45°, a"45° and K

4
/K%&&

)
"10. (a) e

x
versus a, with

K
4
/K%&&

)
"0.01, 0.1, 1, 10, 100 and R (hinging); (b) e

x
versus l

0
/a

with a"60°; (c) e
x

versus a
0
.

K
4
/K%&&

)
"0.01, 0.1, 1, 10, 100 and R (hinging) with

all other parameters as standard. K
4
/K%&&

)
was as-

sumed to remain constant throughout the deforma-
tion for each curve.

In Fig. 5a e
x
increases as a decreases from the initial

value of a
0
"45° until a maximum value of

e
x
"0.0604 is achieved at a"00 for deformation due

to fibril hinging only. The positive value of e
x
indicates

that a tensile stress has been applied in the x direction
in this case. Conversely, e

x
is negative (i.e. contractile)

for a
0
(a)90°, with the magnitude of e

x
increasing

as a increases. The introduction of fibril stretching

into the model (i.e. K

4
/K%&&

)
finite) yields an infinite

2802
value of e
x

at a"0°. The effect of fibril stretching on
e
x
is to increase the magnitude of e

x
at any given value

of a, i.e. the larger the value of K
4
/K%&&

)
the closer the

e
x

versus a curve is to the hinging only curve.
For K

4
/K%&&

)
(1, stretching dominates and it is ne-

cessary to consider the geometrical constraints of the
NF network. When the fibril length extends to l'b/2
then at some critical angle a

#
the nodules will be in

contact in the y direction (see Fig. 1c). a
#
is given by

sina
#
"b/2l (43)

For K
4
/K%&&

)
*1 further deformation under a tensile

load in the x direction (a decreasing) is possible since
hinging dominates. However, for a tensile load in the
x direction with K

4
/K%&&

)
(1, stretching dominates

and values of a(a
#

result in nodule overlap in the
y direction or the fibrils become slack whilst the nod-
ules remain in contact in the y direction. The former
situation is unphysical for a two-dimensional model,
and so only the latter is considered here. Hence when
Equation 43 was satisfied for K

4
/K%&&

)
(1 the value of

l employed in the calculation of e
x
for a(a

#
was given

by

l"b/2 sina (44)

where l and a now represent the straight line, and the
angle, connecting the corners of the nodules to which
the slack fibril is connected. For K

4
/K%&&

)
"0.1 and

0.01 Equation 43 is satisfied by a
#
"39.05 and 44.40°,

respectively. Hence for a(39.05° the e
x

versus
a curves for K

4
/K%&&

)
"0.1 and 0.01 are identical, with

the deformation now governed purely by the geometry
and arrangement of the nodules. In this new region of
deformation behaviour the value of e

y
will remain

constant (since the nodules remain in contact in the
y direction) with the value given by substituting Equa-
tion 43 into Equation 32. Hence m

xy
"0 for a(a

#
when K

4
/K%&&

)
(1.

Fig. 5b shows how e
x

varies with l
0

for a"60°
under an x-directed load. All other parameters are as
standard. At a"60°, e

x
is contractile (for a

0
"45°),

with the magnitude of e
x

increasing with l
0

until
l
0
"0.5892a. For l

0
'0.5892a, e

x
remains constant

due to the fibrils being slack (i.e. l is given by Equation
44 for l

0
*0.5892a and a"60°).

The behaviour of e
x
under a stress in the x direction

with a
0

varying is shown in Fig. 5c, with all other
parameters as standard. For a

0
'a ("45°) e

x
is posi-

tive with the magnitude increasing with a
0
, attaining

a maximum value of e
x
"0.168 when a

0
"90°. For

a
0
(a, e

x
is negative, decreasing to an infinitely nega-

tive value as a
0

tends to 0°.

3.3. Fibril angle relaxation at the
elastic-to-plastic transition

As already mentioned, the transition from elastic to
plastic fibril extension can be modelled by simply
reducing the value of K

4
/K%&&

)
at some specified NF

network (or fibril) transition strain. Consider a load
applied in the x direction which results in the
transition from elastic to plastic fibril extension at the

transition strain eT

x
. Substituting Equation 40 into



Figure 6 m
xy

versus e
x
for the NF model employing concurrent fibril

hinging and stretching mechanisms. b/a"1, l
0
"0.25a, a

0
"90°

and K /K%&&"2 and 20 when l)1.5 l , and K /K%&&"0.5 when

Equation 31 and rearranging we have

cosa exp[(K%&&
)

/K
4
) ln(sina

0
/sina)]

"[(a#l
0
cos a

0
) exp(eT

x
)!a]/l

0
(45)

The right-hand side of Equation 45 is constant at the
transition strain, hence as K

4
/K%&&

)
changes for the

elastic to plastic value there must be a concommitant
change (relaxation) in the fibril angle a. This is easily
understood since the stress causing fibril hinging will
be dissipated somewhat as the fibril undergoes plastic
deformation.

In the case of a y-directed load, substituting Equa-
tion 42 into Equation 32 and re-arranging leads to

sina exp[(K%&&
)

/K
4
) ln(cosa

0
/cosa)]

"[b!(b!l
0
sin a

0
) exp(eT

y
)]/l

0
(46)

where eT
y

is the transition strain in the y direction.
Once again a relaxation of the fibril angle is required
for a decrease in K

4
/K%&&

)
at the elastic/plastic

transition.
In Fig. 6 we show curves for m

xy
versus e

x
calculated

using a"b, l
0
"0.25a, a

0
"90° and K

4
/K%&&

)
"2 and

20 when l)1.5l
0
, and K

4
/K%&&

)
"0.5 when l*1.5l

0
,

i.e. the elastic to plastic transition occurs when the
fibril length has increased by 50% of the initial value.
The curves show the same general trends, m

xy
becom-

ing increasingly negative (from an initial value of zero
at zero strain) as the strain increases, peaking at
a strain of e

x
&l/a before decreasing towards m

xy
&0

as e
x
increases further. The transition to plastic defor-

mation occurs at l"0.375a and is seen to result in
m
xy

flipping from a negative to a positive value which
then increases slowly with increasing strain. The effect
of decreasing the elastic value of K

4
/K%&&

)
is seen to be

a lowering in magnitude of m
xy

, a broadening of the
m
xy

curve and the elastic/plastic transition occurring at
a lower value of strain.

3.4. Comparison with experimental data
3.4.1. PTFE
The experimental strain-dependent Poisson’s ratio
(m

xy
) and engineering Young’s modulus (E%

x
) data for
4 ) 0 4 )
l*1.5 l

0
.

Figure 7 (a) m
xy

versus e
x
for the NF model employing fibril hinging

(dashed curve) and concurrent fibril hinging and stretching (solid
curves) mechanisms. Curves are for: (a) b"0.25a, l

0
"0.125a,

K
4
/K%&&

)
"20 (elastic) and K

4
/K%&&

)
"1 (plastic); (b) b"0.40a,

l
0
"0.14a, K

4
/K%&&

)
"10 (elastic) and K

4
/K%&&

)
"0.65 (plastic). In all

cases a
0
"90° and K

4
/K%&&

)
is constant at the elastic or plastic value.

Transition from elastic to plastic fibril extension was set to occur at
l"0.24a. Experimental m

xy
data for PTFE [2] are also shown

(crosses). (b) E%
x

versus e
x

for the NF model employing concurrent
fibril hinging and stretching mechanisms. Model parameters as for
Fig. 7(a). Experimental E%

x
data for PTFE [2] are also shown

(crosses). Model E% data normalized to peak experimental value of

PTFE [2] are plotted (crosses) against the total true
tensile loading strain (e

x
) in Fig. 7a and b, respectively.

The PTFE specimen was subjected to a precondition-
ing process prior to testing which was assumed to
leave the sample microstructure in a densified condi-
tion. A maximum experimental uncertainty of $8%
is quoted for the Poisson’s ratio data [2]. The experi-
mental data for PTFE can be divided into three dis-
tinct regions of deformation behaviour [2]. Region
I (0(e

x
(0.15) is a low Young’s modulus region

where the deformation is apparently inelastic with
a negative Poisson’s ratio which increases in magni-
tude with strain until m

xy
&!11 at e

x
"0.15. The

deformation is elastic in region II (0.15(e
x
(0.215)

with the Young’s modulus showing a steep increase
before achieving a plateau as e

x
P0.215. m

xy
decreases

in magnitude with increasing strain in region II until
m
xy
&0 at e

x
"0.215. Plastic deformation is observed

in region III (0.215(e
x
(0.29) with the Young’s

modulus showing an extremely steep decrease fol-
lowed by a tailing off to E%

x
&0 at e

x
"0.29. m

xy
adopts
x
E%
x
"0.15 GPa.
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a positive, almost constant, value of m
xy
&1.2

throughout region III.
Comparison of the model m

xy
versus e

x
curves in

Fig. 6 with the experimental data for PTFE in Fig. 7a
immediately shows that the model predicts the correct
shape and trends for the strain-dependent m

xy
data

when plastic fibril extension (and concommitant fibril
angle relaxation) is assumed to follow elastic fibril
extension in the model. In addition to the experi-
mental data we have included NF model calculations
in Fig. 7a for: (a) b"0.25a, l

0
"0.125a, K

4
/K%&&

)
"20

(elastic) and K
4
/K%&&

)
"1 (plastic); (b) b"0.40a,

l
0
"0.14a, K

4
/K%&&

)
"10 (elastic) and K

4
/K%&&

)
"0.65

(plastic). Calculations for the NF model due to hing-
ing only are also shown (dashed line, same NF dimen-
sions as (b) above). In all cases a

0
"90° was assumed

in accordance with previous experimental and theo-
retical works [2, 3, 15], and K

4
/K%&&

)
was assumed to

remain constant at the elastic or plastic value for the
concurrent NF model calculations. The transition
from elastic to plastic fibril extension was modelled to
occur at l"0.24a to coincide with the strain at which
plastic deformation is observed experimentally.

The nodule and fibril demensions employed in
curve (a) were those established in a previous paper
[15] and give excellent agreement with the experi-
mental m

xy
data for 0(e

x
(0.12 where hinging is

expected to dominate due to the orientation of the
fibrils in this strain region. A value of K

4
/K%&&

)
"20

when the fibrils deform elastically reproduces the cor-
rect magnitude of m

xy
in the concurrent NF model

calculations when it is at the maximum negative value
(see solid curve (a)). However, this occurs at a strain
slightly lower (e

x
&0.125) than that observed experi-

mentally (&0.145) with the subsequent decrease in
magnitude to m

xy
&0 also occurring too swiftly in the

model. Increasing the degree of elastic fibril stretching
by using a lower K

4
/K%&&

)
value would lead to a small

(though insufficient) increase in the strain at which the
maximum negative value of m

xy
occurs. However, as

illustrated in Fig. 6, this would be achieved at the
expense of a reduction in the magnitude of m

xy
. The

value of l
0
"0.125a ("b/2) restricts the possible value

of K
4
/K%&&

)
to be employed in the plastic fibril deforma-

tion phase to K
4
/K%&&

)
*1 since the nodules would

either overlap (not physical in a 2D model) or the
fibrils would become slack (not observed experi-
mentally) otherwise. Hence a positive m

xy
is not pos-

sible with these constraints for the nodule and fibril
dimensions employed in the concurrent NF model
calculations for curve (a), the best that can be achieved
is m

xy
"0 when K

4
/K%&&

)
"1 (e

x
*0.215).

The strain at which the maximum negative value of
m
xy

occurs in the concurrent NF model is governed to
a large extent by the choice of the initial fibril length
l
0
. Hence a better overall agreement of the m

xy
beha-

viour with strain may be achieved by using an initial
value of l

0
"0.14a. Furthermore, to produce a posi-

tive m
xy

in the plastic fibril stretching phase of the
concurrent NF model a value of b'2l

0
is required

when a
0
"90°. The hinging and concurrent NF

model calculations for b"0.4a, l "0.14a and

0

a
0
"90° are shown as curves (b) in Fig. 7a. These
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Figure 8 m
yx

versus eC
y
("!e

y
) for the NF model employing concur-

rent fibril hinging and stretching mechanisms (solid curve). Calcu-
lations are for b"a, l

0
"0.09a and a

0
"40°. K

4
/K%&&

)
"1000

throughout. Experimental m data for UHMWPE [12, 16] are also

parameters (with K
4
/K%&&

)
"10 in the elastic fibril

stretching stage) do indeed predict the correct strain at
which the maximum negative m

xy
occurs. However, the

magnitude of m
xy

during the elastic fibril stretching
phase is consistently underestimated in these calcu-
lations. K

4
/K%&&

)
'10 would improve the agreement

with experiment for 0(e
x
(0.14. However, the hing-

ing only (i.e. K
4
/K%&&

)
"R) model calculations

(dashed curve (b)) give the maximum negative
m
xy

value at any given value of a for these nodule and
fibril dimensions, and hence complete agreement with
the experimental data will not be achieved. This com-
bination of nodule and fibril dimensions does, how-
ever, allow a value of K

4
/K%&&

)
(1 to be employed in

the plastic fibril extension phase, and in this case
K

4
/K%&&

)
"0.65 in seen to reproduce the experimental

m
xy

data very well in the strain range
0.215(e

x
(0.29.

The calculated concurrent NF model E%
x

versus e
x

curves in Fig. 7b show the same trends to the experi-
mental data. The model curves are for the same para-
meters as used for the curves in Fig. 7a. All the model
E%
x

data were normalized to the maximum experi-
mental data peak of E%

x
"0.15 GPa. However, the

model curves overestimate E%
x

in the lower strain re-
gion and reach the maximum value at an earlier strain
than the experimental data. Curve (a) increases to
a maximum value earlier than curve (b) due to the
lower initial fibril length employed in the calculations
for curve (a).

3.4.2. UHMWPE
The experimental strain-dependent Poisson’s ratio
(m

yx
) versus total true compressive strain in the loading

(y) direction (e#
y
"!e

y
) data for UHMWPE [12, 16]

are presented in Fig. 8 (crosses). Two regions of defor-
mation behaviour are observed: region I (e#

y
(0.037)

has a small negative m
yx

at low strains which increases
slowly with increasing strain until a large increase in
magnitude to m

yx
&!15 is observed at the highest

strains; region II (e#
y
'0.037) is a region of positive or
yx
shown (crosses).



zero m
yx

. The transition from large negative to positive
m
yx

occurs rapidly at the transition from region I to
region II (e#

y
&0.037). No Young’s modulus data exist

for this UHMWPE data set. Due to the stiffness of the
auxetic UHMWPE sample no preconditioning pro-
cess was necessary prior to testing. Hence, the value of
a
0

was not constrained to be either 90 or 0°.
In an earlier paper [15] the m

yx
data for UHMWPE

were found to be reasonably well reproduced by the
NF model, assuming hinging occurs prior to fibril
stretching for nodule and fibril dimensions of a"b,
l
0
"0.095a and a

0
"40°. The concurrent NF model

curve, calculated using Equations 23 and 32, for a"b,
l
0
"0.09a, a

0
"40° and K

4
/K%&&

)
"1000 is also shown

in Fig. 8 (the slightly lower value of l
0

to that used
previously was chosen to allow for some stretching
occurring during the predominantly hinging phase of
the concurrent model calculations). The model is seen
to predict the overall strain-dependent behaviour of
the experimental m

yx
data very well. The high value of

K
4
/K%&&

)
employed in the calculations ensures that the

transition from region I to region II is suitably abrupt
whilst allowing the model to predict the correct mag-
nitude of m

yx
immediately prior to the transition. It is

to be noted, however, that the model calculations
presented in Fig. 8 do not predict a positive m

yx
in

region II. However, no transition from elastic to plas-
tic fibril extension has been included here. This will be
discussed in Section 4.2.

4. Discussion
In this paper the strain-dependent deformations of
auxetic microporous PTFE and UHMWPE have
been found to be reproduced remarkably well by a NF
model incorporating concurrent fibril hinging and
stretching deformation mechanisms when the ratio of
the force coefficients governing the two mechanisms is
assumed to have a constant value during either elastic
or plastic fibril extension. However, some discrepan-
cies do still exist between the data and the model
calculations. These are discussed in this section.

4.1. PTFE
In Fig. 7a the correct shape of the m

xy
versus e

x
data

was predicted by the model. However, different com-
binations of nodule and fibril dimensions and force
coefficients were required to reproduce the correct
strain scaling and magnitude of m

xy
when at its maxi-

mum negative or positive values. The calculations
with b"0.25a, l

0
"0.125a and K

4
/K%&&

)
"20 (solid

curve (a)) were found to be in excellent agreement with
experiment for e

x
(0.12 and also predicted the cor-

rect maximum negative value of m
xy
&!11. How-

ever, the agreement deteriorated for e
x
'0.12 and it

was found to be impossible to predict a positive m
xy

at
the higher strains due to the constraints placed on the
possible values of K

4
/K%&&

)
to be employed for plastic

fibril deformation by the nodule-fibril geometry. In-
creasing both b/a and l

0
allowed greater agreement in

the strain at which the maximum negative m occurs

xy

and the magnitude of the maximum positive m
xy

(dur-
ing plastic fibril deformation) to be achieved. How-
ever, this was at the cost of decreasing the agreement
at the lower strains in the magnitude of the negative
m
xy

values.
Several effects may help to explain these discrepan-

cies. In particular the model assumes: (i) a constant
force coefficient ratio during elastic or plastic fibril
extension; (ii) the nodules are square or rectangular in
shape; (iii) the nodule—fibril network is two-dimen-
sional; (iv) the nodules do not deform during deforma-
tion of the network.

The assumption of constant K
4
/K%&&

)
during elastic

or plastic fibril extension is unlikely to be valid. Equa-
tion 38 reveals that a knowledge of the force coeffi-
cients is required in order to calculate the fibril length
as a function of fibril angle. The stretching force coef-
ficient has been shown [15] to take the form

K
4
"E

4
wt/l (47)

for a fibril of length l, thickness t, depth w and Young’s
modulus E

4
. From Equations 29 and 47 we have

K
4
/K%&&

)
"E

4
»/K

)
(48)

where » is the fibril volume (»"wtl ). Hence K
4
/K%&&

)
is dependent on three variables: E

4
, » and K

)
.

The form of K
)

to be employed in the calculations
for PTFE and UHMWPE is likely to be complicated
[15], the physical origin being either due to friction
forces acting between nodules [2] or due to shearing
and polymer chain alignment effects in the material
connecting the fibrils to the nodules.

Furthermore, the mechanisms of fibril extension
may involve processes other than simple elastic or
plastic extension of the original fibril material (e.g.
drawing out of the hinge material into fibril material
may occur as the applied stress increases). Even in the
case of the original fibril material deforming elasti-
cally, the deformation may not be linear and hence
E
4
may also vary with deformation. The fibril volume

will increase as the deformation proceeds, due to the
usual increase associated with a stretched elastic ma-
terial and also any new fibril material created due to
drawing out of the hinge material. A treatment where
fibril volume effects due to elastic stretching are taken
into account is given in the Appendix. However, the
value of l due to volume changes in this case is equal to
within (4% of that obtained when » is assumed
constant for extensions of l up to 50% in the calcu-
lations with K

4
/K%&&

)
"10 initially and an intrinsic

fibril Poisson’s ratio of m
4
&0.20 (typical value for the

polymers considered in this paper) — see Appendix.
Nevertheless, Equation 48 indicates that the behav-
iour of K

4
/K%&&

)
with deformation is likely to be exceed-

ingly complex.
It is instructive, therefore, to consider the strain-

dependent m
xy

behaviour for K
4
/K%&&

)
allowed to vary

during the deformation. Plots of e
y
versus e

x
are pre-

sented in Fig. 9, calculated using the concurrent NF
model for the PTFE geometrical parameters of
b"0.25a, l

0
"0.125a, a

0
"90° with K

4
/K%&&

)
"200, 20,

10 and 5. From the definition of Poisson’s ratio (Equa-
tion 11), m is simply the negative of the slope in Fig. 9.
xy
For e

x
)0.10 the curves for K

4
/K%&&

)
"200, 20 and 10
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Figure 9 e
y
versus e

x
for the NF model employing concurrent fibril

hinging and stretching mechanisms under an x directed load. Calcu-
lations are for b"0.25a, l

0
"0.125a, a

0
"90° and K

4
/K%&&

)
"200,

20, 10 and 5. Dashed curve corresponds to K
4
/K%&&

)
arbitrarily

decreasing from K
4
/K%&&

)
"20 as e

x
increases from e

x
&0.10

almost coincide, indicating that any variation in the
force coefficient ratio in this range of values would
probably be beyond the limits of experimental obser-
vation. In other words, the assumption of a constant
K

4
/K%&&

)
value is not critical in this strain region. How-

ever, for e
x
'0.10 the curves diverge sufficiently for

the constant force coefficient ratio assumption to be-
come questionable.

Consider the curve for K
4
/K%&&

)
"20. At e

x
&0.12

(point A) the slope of the curve gives a value of
m
xy

close to the maximum negative value observed
experimentally (see also Fig. 7a). However, experi-
mentally this value of m

xy
occurs at a strain of

e
x
&0.15, whereas the slope of the e

y
versus e

x
curve in

Fig. 9 for K
4
/K%&&

)
"20 at e

x
&0.15 (point B) yields

m
xy
&0. By allowing K

4
/K%&&

)
to vary throughout the

deformation much closer agreement can be achieved.
For example, in Fig. 9 we also show a curve for
K

4
/K%&&

)
allowed to vary between 20 and 5, with the

value decreasing as strain increases above e
x
&0.10

(dashed curve). The slope of the dashed curve at
e
x
&0.15 (point C) now gives a much larger negative

value of m
xy

than the K
4
/K%&&

)
"20 curve at the same

strain (m
xy
&0), with the slope (and, therefore, m

xy
)

similar to that at e
x
&0.12 for the K

4
/K%&&

)
"20 curve

(point A).
Hence the model m

xy
versus e

x
data in Fig. 7a for

b"0.25a, l
0
"0.125a and K

4
/K%&&

)
"20 (solid curve

(a)) would show improved agreement with the experi-
mental data for e

x
'0.12 if K

4
/K%&&

)
was allowed to

decrease with increasing strain.
Allowing K

4
/K%&&

)
to vary could also produce a posi-

tive m
xy

if the rate of change of K
4
/K%&&

)
with strain was

sufficiently large to change the sign of the slope of the
dashed line in Fig. 9. This will be considered in Section
4.2 for UHMWPE. However, the experimental
Young’s modulus data for PTFE suggest a much more
abrupt change in K

4
/K%&&

)
occurs at e

x
&0.215 (see Fig.

7b) corresponding to the onset of plastic deformation.
Improved agreement in the higher strain elastic

data (0.12(e
x
(0.215) could also be achieved by the

second effect to be considered, namely, nodule shape.

In the real materials the nodules are observed to be

2806
approximately circular or elliptical in shape. A rigor-
ous NF model with elliptical nodules is not attempted
here. However, for circular or elliptical nodules, where
the fibrils are assumed to be capable of ‘‘wrapping’’
round the nodules, then as the network is subjected to
a tensile stress in the x direction the network will
expand and the fibrils will ‘‘unwrap’’ with the result
that the effective b/a ratio and the active fibril length
(the ‘‘unwrapped’’ length) will also increase. In Fig. 7a
the nodule shape effect would tend, therefore, to in-
crease the values of b/a and l

0
to be used in the model

calculations as the strain increases. In other words
since the curve for b/a"0.25 and l

0
"0.125a (solid

curve (a)) is a good fit to the lower strain experimental
data, a better fit to the higher strain data would be
expected from considerations of nodule shape for
a larger value of b/a and l

0
. This is indeed observed for

curve (b) when e
x
'0.135 in Fig. 7a.

The assumption of a 2D node-fibril network in the
NF model has consequences on both the apparent
fibril extension in the inelastic stage (region I) of defor-
mation and the apparent lower limit on the force
coefficient ratio during the plastic stage (region III) of
deformation for auxetic PTFE (see Fig. 7).

For the geometrical parameters of b/a"0.25,
l
0
"0.125a and a

0
"90°, known to give a good fit to

the low strain data (e
x
(0.12) for PTFE, the fibril

length used in the NF model must be approximately
double its initial length [15] at the region I-to-region
II transition. One reason for the apparently inelastic
increase in length during region I is thought to be due
to drawing out of fibril material from the (‘hinge’)
material connecting the fibril to the nodule. However,
an additional contribution may also be found by con-
sidering a 3D node—fibril network, as observed in
reality. As a tensile stress is applied in the x direction
the fibrils will become aligned in the x—y plane such
that the length of the projection of the fibrils in this
plane will increase as e

x
increases. In other words, the

fibril length used in the 2D model will in fact be
a projection in the x—y plane of the length of the fibril
in the real material. ‘Extension’ of the fibril in the
model will, therefore, have components corresponding
to both actual fibril extension and fibril alignment
effects.

We have already seen that if the fibrils are to remain
taut then the assumption of a 2D model places a lower
limit on K

4
/K%&&

)
due to the nodules being unable to

overlap. However, in a 3D material nodule overlap
will be possible, depending on the connectivity of the
nodules in the z direction. Hence, for example, a value
of K

4
/K%&&

)
(1 may be used in the calculations for

plastic deformation of PTFE when b/a"0.25,
l
0
"0.125a and a

0
"90°, leading to a positive value of

m
xy

for these parameters in Fig. 7a, as opposed to the
limiting value of m

xy
"0 in the 2D case.

The fourth effect of nodule deformation is not con-
sidered here, since there is no published data to indi-
cate this mechanism occurs in either the PTFE or
UHMWPE samples considered in this paper. We sim-
ply state that nodule deformation could be a cause for
the discrepancy between the NF model and experi-

ment.



It is clear, however, that the m
xy

data for auxetic
PTFE can be understood in terms of concurrent fibril
hinging and stretching mechanisms acting in a nod-
ule—fibril network.

Allowing for the above effects will also be expected
to improve the agreement between the model and
experimental E%

x
data for PTFE presented in Fig. 7b.

However, an additional complication needs to be
taken into account for the E%

x
data. The model calcu-

lations for E%
x

in Fig. 7b assume not only a constant
K

4
/K%&&

)
ratio during elastic or plastic fibril extension,

but also that K
4
and K%&&

)
each remain constant. This is

a more restrictive constraint than K
4
/K%&&

)
remaining

constant since K
4
/K%&&

)
could remain constant if

K
4

and K%&&
)

were correlated but not necessarily con-
stant themselves. There is evidence that in the initial
stages of fibril extension the length of the fibrils in-
creases predominantly due to drawing out of the ma-
terial connecting the fibrils to the nodules into fibrillar
material. This would have the effect of lowering the
value of K

4
compared to that with purely elastic fibril

extension and, since E%
x

depends on the actual values
of K

4
and K%&&

)
rather than the ratio (see Equation 17),

would therefore account for the model calculations
overestimating E%

x
at low strain in Fig. 7b.

It is, however, extremely gratifying that the pre-
dicted m

xy
and E%

x
trends from the NF model are

entirely consistent with the experimental data for
PTFE; the Young’s modulus data confirming the
mechanisms used to predict the Poisson’s ratio data
appear to have been correctly identified.

4.2. UHMWPE
In the model calculations used to predict the m

yx
ver-

sus e#
y
behaviour of UHMWPE (Fig. 8) no attempt was

taken to model the possiblity of the fibrils undergoing
a transition from elastic to plastic extension. The rea-
son being that, unlike PTFE where the deformation is
over a large total strain range of 0)e

x
)0.29, the

total strain range covered experimentally during the
deformation of the UHMWPE sample was relatively
low at 0)e#

y
)0.065. Hence a sudden step transition

from elastic to plastic deformation at a clearly defined
strain is unlikely to be an appropriate approximation
in the UHMWPE case. This is demonstrated by exam-
ining the experimental PTFE data (Fig. 7a and b)
where it is clear that the transition from elastic to
plastic deformation occurs over the strain range
0.215(e

x
(0.23, i.e. a change in strain of 0.015. This

represents &5% of the total strain range covered for
PTFE and can, therefore, be reasonably represented
as a sudden transition from elastic to plastic deforma-
tion. In the case of UHMWPE a similar transition
strain range of 0.015 for the transition from elastic to
plastic deformation represents &23% of the total
strain range covered experimentally and hence a dis-
crete transition strain is not appropriate in the model.

In fact, if we consider the onset of the transition
strain range in UHMWPE occurs at e#

y
&0.036 (see

Fig. 8), then a transition strain range of 0.015 implies
that the end of the transition strain range occurs at

e#
y
&0.051. This range of strain coincides exactly with
Figure 10 eC
x
versus eC

y
for the NF model employing concurrent fibril

hinging and stretching mechanisms under a y directed load. Calcu-
lations are for b"a, l

0
"0.09a, a

0
"40° and K

4
/K%&&

)
"1000, 100,

20, 10, 5 and 2. The dashed curve illustrates the effect of decreasing

the positive values of m
yx

(0(m
yx
(#6) observed in

the experimental data. The uncertainties associated
with the experimental m

yx
data in this region are $1

(estimated from three different methods of analysis of
the raw experimental strain data [16]), indicating that
these positive values (so far unexplained by the model)
are genuine. As already indicated a NF model where
the force coefficients ratio is allowed to vary smoothly
with strain is beyond the scope of this paper. However,
the effects of varying K

4
/K%&&

)
over a finite range of

strain will again be considered quantitatively.
In Fig. 10 we plot the transverse contractile strain

(e#
x
"!e

x
) versus the compressive strain in the load-

ing direction (e#
y
) for the NF model calculations with

a"b, a
0
"40°, l

0
"0.09a and K

4
/K%&&

)
"1000, 100,

20, 10, 5 and 2. These calculations are for the same
nodule and fibril dimensions used in Fig. 8 to explain
the experimental UHMWPE m

yx
data, which used

a value of K
4
/K%&&

)
"1000. The strain-dependent NF

model m
yx

is in fact given by the negative of the tangent
to the strain—strain curve at any point on the curve in
Fig. 10. Hence if a value of K

4
/K%&&

)
"1000 is assumed

throughout, the slope of the curve in Fig. 10 results in
a negative m

yx
increasing in magnitude with strain

until e#
y
&0.036, whereupon a relatively sudden

change to m
yx
&0 is observed for all strains thereafter

(i.e. the model m
yx

curve in Fig. 8). However, if
a transition from elastic to plastic fibril extension was
to occur over the range 0.036(e#

y
(0.051 corres-

ponding to a change in K
4
/K%&&

)
from 1000 to 2, then

the value of e#
x

would decrease as e#
y

increases above
0.036. This is indicated by the dashed line in Fig. 10.
The slope of the dashed curve in Fig. 10 results in
a positive value of m

yx
, as observed experimentally.

Above e#
y
&0.05 the deformation would then proceed

according to the curve corresponding to the plastic
value of K

4
/K%&&

)
, e.g. K

4
/K%&&

)
"2 in Fig. 10, which

results in m
yx
&0 due to the relatively flat nature of

this curve. The strain—strain behaviour described
above due to K

4
/K%&&

)
decreasing from an elastic to

plastic value over a finite strain range explains, there-
fore, the m

yx
behaviour observed experimentally and in
K
4
/K%&&

)
from 1000 to 2 in the strain range 0.036(eC

y
(0.05.
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fact corresponds to the e#
x

versus e#
y

trends observed
experimentally [12, 16].

In an earlier paper [15] it was suggested that the
positive m

yx
values observed experimentally may arise

as a result of nodule interactions due to non-rectangu-
lar nodule shapes. However, preliminary investiga-
tions show that it is unlikely that values as large as
m
yx
"#6 would be achieved due to a nodule shape

effect, which may in any event not occur due to nodule
overlap being possible for a 3D material. Further-
more, the range of strain required for the nodule
interactions to show the tailing off to m

yx
&0 at the

highest strains appears to be an order of magnitude
higher than that observed in UHMWPE. Hence, the
transition from elastic to plastic fibril extension over
a finite range of strain seems the more likely scenario.

Fig. 10 also illustrates that for e#
y
(0.02 the value of

K
4
/K%&&

)
can decrease from 1000 by almost two orders

of magnitude without significantly affecting the Pois-
son’s ratio. Again, it is unlikely that experimental
measurements on the strain data would be sensitive to
detecting such a change in K

4
/K%&&

)
in this strain range.

Hence the assumption of a constant K
4
/K%&&

)
in this

region of strain is not critical.

5. Conclusions
The experimental strain-dependent deformations of
auxetic microporous PTFE and UHMWPE can be
explained entirely in terms of a NF model employing
concurrent fibril hinging and stretching deformation
mechanisms. In this paper the deformation of a net-
work of rigid rectangular nodules interconnected by
fibrils has been assumed to occur with a constant force
coefficient ratio governing the two mechanisms. The
dependence of the Poisson’s ratios and Young’s
moduli on the model parameters have been investi-
gated. The force coefficient ratio is a function of,
amongst other properties, the intrinsic Young’s
modulus of the fibrils themselves and so a different
value has been used for the fibrils deforming elastically
and plastically. The overall trends of the experimental
data for both polymers are predicted by the model.
However, absolute agreement requires a knowledge of
the nodule shape, how the force coefficient ratio varies
with strain and how the nodules are connected into
a 3D network. These effects have been discussed, but
no rigorous treatment has been presented here.

Appendix Effect of fibril volume
variation on calculation of
fibril length

The expression relating the fibril length to the fibril
angle at any instant in the deformation of the NF
network is derived here for the case of constant K

)
and

E
4
, with fibril volume, », varying according to linear

elasticity theory.
For linear elastic behaviour the fibril Poisson’s

ratio m
4
is defined by the ratio of the total true strains

m
4
"!e

T
/e

L
(A1)

where e and e are the transverse and longitudinal

T L

fibril strains, respectively, due to a stress applied longi-
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tudinally. Consider the linear deformation of a fibril of
initial length l

0
and transverse thickness t

0
to a de-

formed length and thickness of l and t, respectively,
due to a stress applied along the fibril length. By
analogy with Equation 30, Equation A1 becomes

m
4
"!ln(t/t

0
)/ln(l/l

0
) (A2)

Provided the deformation is linear, Equation A2 is
valid for all strain, whereas similar expressions using
total engineering strains are always approximations to
m
4
and fail significantly at large strains. Rearranging

Equation A2 yields

(l
0
/l)m4"(t/t

0
) (A3)

For a fibril of equal thickness and depth the deformed
(» ) to undeformed (»

0
) volume ratio is simply

(»/»
0
)"(l/l

0
)(t/t

0
)2 (A4)

From Equations A3 and A4

(»/»
0
)"(l/l

0
)(1~2m

4) (A5)

and hence the variation in fibril volume is determined
entirely by the fibril length and fibril Poisson’s ratio in
this case. Note that when m

4
"1/2 the volume remains

constant, as required by elasticity theory.
Substituting Equations A5 and 48 into Equation 38

we find, for an x-directed load, the change in fibril
length is related to the change in fibril angle by

dl

da
"!

K
)

E
4
»

0

l (1~2m
4)

0
l (~2m

4)
cota (A6)

Following the procedure outlined in Section 3.2,
Equation A6 integrates to

l"l
0
[(2m

4
!1)(K

)
/E

4
»

0
) ln(sina/sina

0
)#1]*1@(1~2m

4)+

(A7)

which is the equation relating the fibril length to the
fibril angle in the concurrent NF model under an
x-directed load when fibril volume effects are con-
sidered due to linear elastic behaviour only, with K

)
and E

4
assumed constant.

It is readily shown that the equivalent to Equation
A7 for a y-directed load is

l"l
0
[(2m

4
!1)(K

)
/E

4
»

0
) ln(cosa/cosa

0
)#1]*1@(1~2m

4)+

(A8)

To gain a feel for the effect of fibril volume variations
we calculate l/l

0
for constant fibril volume (Equation

40) with K
4
/K%&&

)
"10 and for fibril volume varying

elastically (Equation A7) with E
4
»

0
/K

)
"10 (i.e. same

initial force coefficients ratio in the two cases — see
Equation 48) under a tensile x-directed load from an
undeformed fibril angle of a

0
"90°. A typical value

for polymers of m
4
"0.2 was used in Equation A7. At

a"20°, l/l
0
"1.1133 and 1.1096 for the constant and

variable volume conditions, respectively, i.e. the dis-
crepancy in l&0.3% when l has increased by &10%.
When a"5°, l/l

0
"1.2764 and 1.2557 for constant

and variable volume, respectively (discrepancy
&1.6%). At a"1°, l/l "1.4990 and 1.4368 for con-
0
stant and variable volume, respectively, i.e. when the



fibril has stretched by &50% the discrepancy be-
tween the two equations is only 4% for the values used
in these calculations. Hence in this case the effect of
fibril volume on the length of the fibrils is negligible in
the range 1)a)90°.
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